In this paper, we consider the geodesic flow on factors of the hyperbolic plane. We prove that a periodic orbit including a 2-antiparallel encounter has a partner orbit. We construct the partner orbit and give an estimate for the action different between the orbit pair. Then we apply the result to reprove the accuracy of Sieber/Richter's prediction in [Sieber and Richter, 2001] .
Introduction
The two-point correlator function of a classical dynamical system can be illustrated as a double sum over periodic orbits
where · abbreviates the average over the energy and over a small time window, T H denotes the Heisenberg time and A γ , S γ , and T γ are the amplitude, the action, and the period of the orbit γ, respectively. As one is interested in the semiclassical limit → 0, it is expected that only orbit pairs γ, γ ′ such that S γ − S γ ′ ∼ or small. Formulated in more mathematical terms, for a classical chaotic dynamical system the problem is to determine the periodic orbit pairs γ, γ ′ such that S γ is close to S γ ′ , and then calculate (1.1).
This was first considered by Sieber and Richter [12, 13] who predicted that a given periodic orbit with a small-angle self-crossing in configuration space will admit a partner orbit with almost the same action. The original orbit and its partner are called a Sieber-Richter pair. In phase space, a SieberRichter pair contains a region where two stretches of each orbit are almost mutually time-reversed and one addresses this region as a 2-encounter or, more strictly, a 2-antiparallel encounter; the '2' stands for two orbit stretches which are close in configuration space, and 'antiparallel' means that the two stretches have opposite directions. The accuracy of Sieber/Richter's prediction was completely proven by Huynh/Kunze in [7] . In that paper the authors considered the geodesic flow on compact factors of the hyperbolic plane. It was shown in [7] that a T -periodic orbit of the geodesic flow crossing itself in configuration space at a time T 1 has 9| sin(φ/2)|-partner orbit and the action difference between them is approximately equal ln(1 − (1 + e −T 1 )(1 + e −(T −T 1 ) ) sin 2 (φ/2))) with the estimated error 12 sin 2 (φ/2)e −T , where φ is the crossing angle. Periodic orbits with L-parallel encounters was investigated by Müller et al. in [4, 10, 11] . We speak of an L-encounter when L stretches of a periodic orbit are mutually close to each other up to time reversal. In other words, all the L stretches must intersect a small Poincaré section. Müller et al. used combinatorics to count the number of partner orbits and provided an approximation for the action difference, but a construction of partner orbits and an error bound of the approximation had not been derived. Then, Huynh [6] continued considering the hyperbolic dynamical system in [7] to deal with the technically more involved higher-order encounters. The author proved that a given periodic orbit including an L-parallel encounter has (L − 1)! − 1 partner orbits, constructed partner orbits and gave estimates for the action differences between orbit pairs. Furthermore, mathematical definitions for 'encounters', 'partner orbits', etc. were also arrived in [6] .
In the case of L-antiparallel encounter with general L, the problem is a very complicated and it is still open. In this paper, we only consider the problem for L = 2. We prove that a periodic orbit with 2-antiparallel encounter has a partner orbit. If the space is compact, then the partner is unique. Then we apply the result to prove Sieber/Richter's prediction and derive a better estimate for the action difference.
The paper is organized as follows. In Section 2 we introduce some necessary background materials. Then in Section 3 we consider periodic orbits with 2-antiparallel encounters. We prove that a periodic orbit with a 2-antiparallel encounter has a partner orbit. Then we apply this result to reprove the accuracy of Sieber/Richter's prediction in [13] .
Preliminaries
We consider the geodesic flow on factor Γ\H 2 , where H 2 = {z = x + iy ∈ C : y > 0} is the hyperbolic plane endowed with the hyperbolic metric
and Γ is a discrete subgroup of the projective Lie group PSL(2, R) = SL(2, R)/{±E 2 }. The group PSL(2, R) acts transitively on H 2 by Möbius transformations z → az+b cz+d
. If the action is free (of fixed points), then the factor Γ\H 2 has a Riemann surface structure. Such a surface is a closed Riemann surface of genus at least 2 and has the hyperbolic plane H 2 as the universal covering. If the space Γ\H 2 is compact, then all the elements in Γ \ {e} are hyperbolic, i.e., tr(γ) = |a
goes along the unit speed geodesics on Γ\H 2 . On the other hand, the unit tangent bundle T 1 (Γ\H 2 ) is isometric to the quotient space Γ\PSL(2, R) = {Γg, g ∈ PSL(2, R)}, which is the system of right co-sets of Γ in PSL(2, R), by an isometry Ξ. Then the geodesic flow (ϕ X t ) t∈R can be equivalently expressed as the natural 'quotient flow' ϕ X t (Γg) = Γga t on X = Γ\PSL(2, R) associated to the flow ϕ G t (g) = ga t on G := PSL(2, R) by the conjugate relation ϕ
Here a t ∈ PSL(2, R) denotes the equivalence class obtained from the matrix A t = e t/2 0 0 e −t/2 ∈ SL(2, R).
There are some more advantages to work on X = Γ\PSL(2, R) rather than on X = T 1 (Γ\H 2 ).
One can calculate explicitly the stable and unstable manifolds at a point x = Γg ∈ X to be
where b s , c u ∈ PSL(2, R) denote the equivalence classes obtained from
. If the space is compact, the flow (ϕ X t ) t∈R is hyperbolic. General references for this section are [1, 3, 8] , and these works may be consulted for the proofs to all results which are stated above.
For φ ∈ R, denote by d φ ∈ PSL(2, R) the equivalence class obtained from
Lemma 2.1. (a) The following relations hold for t ∈ R:
Proof : (a) In SL(2, R) we calculate . If a > 0, then e t/2 = a, se −t/2 = b, ue t/2 = c, and (1 + su)e −t/2 = (1 + bc)/a = d, using that ad − bc = 1. Thus C u B s A t = G and c u b s a t = g. If a < 0, then e t/2 = −a, se −t/2 = −b, ue t/2 = −c, We recall the definition of Poincaré sections, the shadowing lemma and the Anosov closing lemma from [7] . Definition 2.1. Let x ∈ X and ε > 0. The Poincaré section of radius ε at x is
where g ∈ G is such that x = Γg (see Figure 1 (a) ).
See Figure 1 [, x ∈ X, T ≥ 1, and ϕ X T (x) ∈ P ε (x). Let x = Γg and ϕ X T (x) = Γgc u b s for g ∈ PSL(2, R), |u| < ε, |s| < ε. Then there are x ′ ∈ P 2ε (x) and T ′ ∈ R so that
Furthermore,
and
Pε ( holds for any g ∈ PSL(2, R), Γg = Ξ(x). Furthermore,
The following definitions can be found in [6] . 
holds for some x ∈ c and x ′ ∈ c ′ . Then c ′ is called an ε-partner orbit of c and vice versa.
Roughly speaking, two periodic orbits are an ε-orbit pair if they are ε-close to each other in configuration space, not for the whole time, since otherwise they would be identical, but they decompose to the same number of parts and any part of one orbit is ε-close to some part of the other. Definition 2.4 (Encounter). Let ε > 0 and L ∈ Z, L ≥ 2 be given. We say that a periodic orbit c has an (L, ε)-encounter if there are x ∈ X, x 1 , . . . , x L ∈ c such that for each j ∈ {1, . . . , L},
If either x j ∈ P ε (x) holds for all i = 1, . . . , L or T (x j ) ∈ P ε (x) holds for all j = 1, . . . , L then the encounter is called parallel encounter; otherwise it is called antiparallel encounter (see Figure 2 (b) ).
3 Main results
2-Antiparallel encounters
In this section we only consider 2-antiparallel encounters. It is impossible to reconnect the ports in 2-parallel encounter to get a new (genuine) partner orbit; but in the case of antiparallel encounter, we have the following result. 
where T ′ is the period of the partner.
Proof : Let x = Γg and write y = Γh with g, h ∈ G and set g
. By the shadowing lemma (Theorem 2.1),
We can easily check that the partner is a ε ′ -partner orbit in the sense of Definition 2.3.
Remark 3.1. It follows from (2.3) and (3.4) that
An application to Sieber-Richter pairs
A periodic orbit with a small-angle self-crossing has 2 almost mutually time-revered stretches. This means that the orbit crosses the Poincaré section of a point in this orbit and Theorem 3.1 may be applied.
Theorem 3.2. If a periodic orbit of the geodesic flow (ϕ
with the period T ≥ 1 crosses itself in configuration space at a time T 1 ∈ ]0, T [ and at an angle θ such that 0 < φ < 1 3 for φ = π − θ, then it has a 6| sin(φ/2)|-partner orbit. Furthermore, T ′ < T for the period of the partner and the action difference satisfies T ′ − T 2 − ln 1 − sin 2 (φ/2)(cos −2 (φ/2) + e −T 1 )(cos 2 (φ/2) + e T 1 −T ) ≤ 2 sin 2 (φ/2)e −T . (3.6)
Proof : Let the orbit of x ∈ X = T 1 (Γ\H 2 ) be T -periodic (T is the prime period) and such that it has a self-crossing of angle θ in configuration space at the time T 1 ∈ ]0, T [, i.e., we have
where T = T 1 + T 2 ; see Figure 3 . with some h, g ∈ PSL(2, R) such that Γg = x and Γh = y. We only consider the first case, the latter is similar. Write x ′ = T (x) and y ′ = T (y); recall the notation T from Definition 2.2. Then
Γgd π−θ = Γhd π = y ′ or Γgd φ = y ′ .
We write
where τ = 2 ln(cos(φ/2)), u = tan(φ/2), s = − sin(φ/2) cos(φ/2). 
